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The truncation formulae of D = 11 supergravity on S7 to D = 4 N = 8 SO(8)-
gauged supergravity are completed to include the full non-linear dependence of
the D = 11 three-form potential Aˆ(3) on the D = 4 fields, and their consistency
is shown. The full embedding into Aˆ(3) is naturally expressed in terms of a
restricted version, still N = 8 but only SL(8)–covariant, of the D = 4 tensor
hierarchy. The redundancies introduced by this approach are removed at the
level of the field strength Fˆ(4) by exploiting D = 4 duality relations. Finally,
new expressions for the full consistent truncation formulae are given that are,
for the first time, explicit in all D = 4 fields.
Introduction. Overwhelming evidence and partial proofs lend support to the expectation
that D = 11 supergravity [1] admits a consistent Kaluza-Klein (KK) truncation on the
seven-sphere to the purely electric SO(8) gauging [2] of maximal, N = 8, supergravity in
four dimensions [3]. The complete consistent embedding of the four-dimensional metric
ds24, SO(8) gauge fields A
IJ = A[IJ ], I = 1, . . . , 8, and E7(7)/SU(8) scalars into the eleven-
dimensional metric is given by the classic de Wit-Nicolai result [4]
dsˆ211 = ∆
−1 ds24 + gmnDy
mDyn . (1)
Here, ym, m = 1, . . . , 7, are the S7 angles, Dym ≡ dym + 12 g K
m
IJ A
IJ , with g the D = 4
gauge coupling constant, and KmIJ are the S
7 Killing vectors. A formula for the combined
dependence of the warp factor ∆ and the inverse internal metric gmn on the S7 angles and
the D = 4 scalars has been known for a long time [5, 4]. Recently, a similar formula has
been given for the internal components Amnp of the D = 11 three-form potential Aˆ(3) [6].
These formulae define implicitly the dependence of the warp factor ∆, of the internal
direct metric gmn and of Amnp on the D = 4 scalars: it is not obvious how to solve in
full generality for these quantities directly from those equations. Only for smaller sectors
of the D = 4 theory, for which scalar parametrisations can be found explicitly, it does
become possible to determine those quantities. In this way, D = 11 solutions have been
constructed from D = 4 ones, thus strongly supporting the case for consistency. In any
case, consistency has been manifestly established for some N < 8 subtruncations [7, 8]
and, at the full N = 8 level, for some sectors. Indeed, the full N = 8 embeddings into
the metric, (1), into the gravitino, and of the D = 4 scalars into Amnp have been checked
to hold consistently [4, 6]. An N = 8 consistency proof, that excludes the three-forms,
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has also been given in [9] from exceptional field theory [10]. See also [11] for a similarly
E7(7)–covariant approach to consistency.
Up to the implicit dependence of the D = 11 metric (1) on the D = 4 scalars, the
embedding (1) is exact to all orders in the D = 4 fields. In particular, the quadratic (i.e.
linear in terms of the D = 11 vielbein) dependence of the metric (1) on the D = 4 electric
SO(8) vectors AIJ is exact. In contrast, much less is known about the full non-linear
embedding of the D = 4 fields into the three-form Aˆ(3) and its field strength Fˆ(4). Besides
the non-linear dependence of Aˆ(3) on the D = 4 scalars known implicitly [6], a dependence
of the former on theD = 4 magnetic vectors A˜IJ has been established at the linear level [6].
However, as we will show, this linear dependence is not exact in this case: Aˆ(3) contains,
among others, non-linear couplings between the electric and magnetic D = 4 vectors.
In this article, the exact dependence of the D = 11 three-form potential on the fields
of D = 4 N = 8 supergravity is computed, and the consistency of the corresponding
embedding formulae is shown. This completes the proof of [4, 6] of the truncation of
D = 11 supergravity on S7, at the level of the N = 8 supersymmetry variations. We
will focus on the purely electric SO(8) gauging [2] –an origin in conventional D = 11
supergravity [1] of its dyonic counterpart [12] has been ruled out [6, 13]. In order to
find the full D = 11 embedding, we will use new technology based on the D = 4 tensor
[14, 15] and duality [16] hierarchies. Similar techniques have been recently employed for
the consistent embedding [17, 18] of dyonic ISO(7) supergravity [19] in massive IIA.
D = 11 supergravity with only SO(1, 3) symmetry manifest. In conventions in
which the bosonic Lagrangian of D = 11 supergravity [1] reads
L11 = Rˆ vˆol11 −
1
2 Fˆ(4) ∧ ∗ˆFˆ(4) −
1
6 Aˆ(3) ∧ Fˆ(4) ∧ Fˆ(4) , (2)
the supersymmety transformations of the bosonic fields are
δeˆM
A = 14
¯ˆǫ ΓˆA ψˆM , δAˆMNP = −
3
4
¯ˆǫ Γˆ[MN ψˆP ] , (3)
whereM,N, . . . = 0, 1, . . . , 10 are world indices and A,B, . . . = 0, 1, . . . , 10 are (only in (3),
not below) tangent-space indices. Following [20], we consider a splitting of theD = 11 local
Lorentz symmetry as SO(1, 10) → SO(1, 3) × SO(7), under which the eleven-dimensional
coordinates and bosonic fields split as (xµ, ym), µ = 0, 1, 2, 3, m = 1, . . . , 7 and
dsˆ211 = ∆
−1 ds24 + gmn
(
dym +Bm
)(
dyn +Bn
)
,
Aˆ(3) =
1
6Aµνρ dx
µ ∧ dxν ∧ dxρ + 12Aµνm dx
µ ∧ dxν ∧
(
dym +Bm
)
+ 12Aµmn dx
µ ∧
(
dym +Bm
)
∧
(
dyn +Bn
)
+ 16Amnp
(
dym +Bm
)
∧
(
dyn +Bn
)
∧
(
dyp +Bp
)
. (4)
Here, ∆2 ≡ (det gmn)/(det g˚mn), with g˚mn an arbitrary background metric. Straightfor-
wardly promoting SO(7) in the splitting above to SL(7), the decompositions (4) give rise to
SO(1, 3)×SL(7)–covariant D = 11 bosonic fields. In the fermion sector, this 4+7 split nat-
urally leads to SO(1, 3)×SU(8) covariant fermions: gravitini ψAµ , µ = 0, . . . , 3, A = 1, . . . , 8,
coming from the ‘external’ components of the fully-fledged SO(1, 10)-covariant gravitino
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ψˆM , and supersymmetry parameters ǫ
A, in the 8¯ of SU(8); and spin 1/2 fermions ψAa ,
a = 1, . . . , 7, from the ‘internal’ components of ψˆM . It proves convenient to repack the
latter into a trispinor χABC = 3i√
2
(ΓaC−1)[ABψC]a [3], which sits in the 56 of SU(8). Here,
Γa and C are the Dirac matrices and charge conjugation matrix in seven Euclidean dimen-
sions. See [3, 20] for further details on the fermion splitting and [18] for our conventions.
The D = 11 supersymmetry transformations (3) can now be expressed in terms of
these fields. We find that the following further non-linear field redefinitions,
Cµ
m8 ≡ Bµm , C˜µmn ≡ Aµmn , Cµν m8 ≡ −Aµνm + C[µ
n8 C˜ν]nm ,
Cµνρ
88 ≡ Aµνρ − C[µ
m8 Cν
n8 C˜ρ]mn , (5)
are necessary to bring the resulting D = 11 transformations into a form compatible with
the canonical D = 4 N = 8 expressions. Only the two- and three-forms are redefined with
additional quadratic and cubic vector contributions. The vectors go unredefined –only for
notational homogeneity have new symbols introduced for them in (5). Similar redefinitions
have been previoulsy considered in D = 11 with a dual six-form formulation [21], in type
IIB [22, 23] and in type IIA [18]. Introducing also the ‘generalised vielbeine’ [20, 6],
V m8AB =
1
4 ∆
− 1
2 ea
m(CΓa)AB , V˜mnAB =
1
4 ∆
− 1
2 em
aen
b(CΓab)AB + V
p8
AB Apmn , (6)
a long calculation shows that the supersymmetry variations (3) give rise to the variations
given in [20, 6] (see [18] for our conventions) for the scalars, vectors and vielbein eµ
α, and
to the following new transformations for the two- (see nevertheless [24]) and three-forms:
δCµν m
8 =
[
2
3
(
V n8BC V˜mn
AC + V˜mnBC V
n8AC
)
ǫ¯Aγ[µψ
B
ν]
+
√
2
3 V
n8
AB V˜mnCD ǫ¯
[Aγµνχ
BCD] + h.c.
]
− C[µ
n8 δC˜ν]mn − C˜[µ|mn δC|ν]n8 ,
δCµνρ
88 =
[
4i
7 V
m8
BD
(
V n8DC V˜mnAC + V˜mn
DC V n8AC
)
ǫ¯Aγ[µνψ
B
ρ]
−i
√
2
3 V
m8AE V n8[EB| V˜mn |CD] ǫ¯AγµνρχBCD + h.c.
]
+3C[µν|m8 δC|ρ]m8 − C[µm8
(
Cν
n8 δC˜ρ]mn + C˜ν|mn δC|ρ]n8
)
. (7)
Here, γα are the SO(1, 3) gamma matrices and γµ1...µp ≡ eµ1
α1 . . . eµp
αp γα1...αp . These
D = 11 transformations are also compatible with D = 4: they turn out to follow from
branching the general E7(7)–covariant D = 4 N = 8 transformations [3, 14, 18] and select-
ing appropriate SL(7) representations. Eqs. (7) come out naturally written in the SL(8)
basis –this is the origin of the scripts ‘8’ that have been appended to some of the fields (5).
In summary, the 4 + 7 splitting leads to SO(1, 3) × SL(7)–covariant D = 11 bosons,
1 metric : ds24 (x, y) ,
7′ + 21 generalised vielbeine : V m8AB(x, y) , V˜mnAB(x, y) ,
7′ + 21 vectors : Cµm8(x, y) , C˜µmn(x, y) ,
7 two-forms : Cµν m
8(x, y) ,
1 three-form : Cµνρ
88(x, y) , (8)
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and SO(1, 3) × SU(8)–covariant D = 11 fermions ψAµ (x, y) and χ
ABC(x, y). The represen-
tations shown in (8) for the generalised vielbeine correspond to their SL(7) indices. Their
(antisymmetric) indices AB label the 28 of SU(8), in agreement with their taking values
along the antisymmetric combinations CΓa, CΓab of seven-dimensional gamma matrices.
A restricted D = 4 N = 8 duality hierarchy. Recall that the conventional D = 4
N = 8 bosonic Lagrangian can be written in terms of the metric (through the Ricci tensor
and the Hodge star); of the 28 electric SO(8) gauge fields AIJ (through their field strengths
HIJ(2)); of the 70 scalars of the coset representative VM
ij , M = 1, . . . , 56, i = 1, . . . , 8, of
E7(7)/SU(8) (through the square MMN = 2V(M
ij VN) ij and through the gauge kinetic
matrices I[IJ ][KL] and R[IJ ][KL]); and of the embedding tensor ΘM
α (through the scalar
potential V ). Specifically [2, 14],
L = R vol4−
1
48DMMN∧∗DM
MN+ 12 I[IJ ][KL]H
IJ
(2)∧∗H
KL
(2) +
1
2 R[IJ ][KL]H
IJ
(2)∧H
KL
(2) −V vol4 ,
(9)
where V is given by [14]
V = 1168 g
2XMP
RXNQ
SMMN
(
MPQMRS + 7 δ
P
S δ
Q
R
)
. (10)
Here,MMN = ΩMPΩNQMPQ is the inverse ofMMN, with with Ω
MN the Sp(56,R)-invariant
matrix, and XMN
P ≡ ΘM
α(tα)N
P is the contraction of the embedding tensor ΘM
α with the
generators (tα)N
P of E7(7). For the SO(8) gauging, only the 63 generators (tI
J)N
P of the
SL(8) subalgebra are relevant. Thus, ΘM
α = (Θ[IJ ]
K
L , Θ
[IJ ]K
L), with [12]
Θ[IJ ]
K
L = 2 δ
K
[I θJ ]L , Θ
[IJ ]K
L = 2 δ
[I
L ξ
J ]K . (11)
Here, θIJ = θ(IJ) and ξ
IJ = ξ(IJ) generically lie in the 36 and 36′ of SL(8), respectively.
We will take θIJ = δIJ , ξ
IJ = 0, corresponding to the purely electric SO(8) gauging of [2].
The field content that enters the conventional Lagrangian (9) can be enlarged to a so-
called ‘tensor hierarchy’ [15] that further includes, together with the magnetic vectors A˜IJ ,
two-, three- and four-form potentials in irreducible representations of E7(7). The magnetic
gauge fields and the two- and three-form potentials carry degrees of freedom, albeit not
independent ones. Bringing the metric and scalars into the picture, their field strengths can
be dualised into the dynamically independent fields that enter the Lagrangian (9). With
these dualisations, the tensor hierarchy becomes promoted to a ‘duality hierarchy’ [16]. By
construction, the full E7(7)-covariant tensor and duality hierarchies are closed under the
Bianchi identities, the duality conditions and the N = 8 supersymmetry variations. Here
we will show that the following SL(8)–covariant subsector of the hierarchy,
1 metric : ds24(x)
28′ + 28 coset representatives : VIJ ij(x) , V˜IJ ij(x) ,
28′ + 28 vectors : AIJ(x) , A˜IJ(x) ,
63 two-forms : BI
J(x) ,
36′ three-forms : CIJ(x) (12)
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(which is still N = 8 because all fermions ψiµ, χ
ijk are also retained), defines a closed
subsector of the full tensor and duality hierarchies. The representations shown for the
coset representative correspond to its SL(8) indices; its indices ij label the 28 of SU(8).
All scalars and all (electric and magnetic) vectors are kept in (12). However, only two-form
potentials BI
J (with BI
I = 0) in the adjoint of SL(8) and three-form potentials CIJ = C(IJ)
in the conjugate representation of the embedding tensor are retained.
Closure can be demonstrated by selecting the SL(8) representations shown in (12)
from the general E7(7)–covariant embedding-tensor-formalism results of [14, 16, 19]. For
the supersymmetry variations of the two- and three-forms we find
δBµν J
I =
[
− 23
(
VIKjk V˜JK
ik + V˜JK jk V
IKik
)
ǫ¯iγ[µψ
j
ν] −
√
2
3 V
IK
ij V˜JK kl ǫ¯
[iγµνχ
jkl] + h.c.
]
+
(
AIK[µ δA˜ν]JK + A˜[µ|JK δA|ν]
IK
)
− 18 δ
I
J (trace) ,
δCµνρ
IJ =
[
− 4i7 V
K(I
jl
(
VJ)L lk V˜KLik + V˜KL
lk VJ)Lik
)
ǫ¯iγ[µνψ
j
ρ]
+i
√
2
3 V
K(I|hi V |J)L[ij| V˜KL|kl] ǫ¯hγµνρχjkl + h.c.
]
−3B[µν|K (I δA
J)K
|ρ] +A
K(I
[µ
(
AJ)Lν δA˜ρ]KL + A˜νKL δA
J)L
ρ]
)
. (13)
Please refer to [3, 6] for the transformations of the fermions and the remaining fields in
(12) (and to [19] for those in our conventions). Together with the N = 8 fermions, only
bosonic fields in the restricted tensor hierarchy (12) enter the r.h.s. of these variations.
The fermions transform in turn into scalars and vector field strengths (see e.g. [14]), all of
which were retained in (12). Closure of the N = 8 variations thus holds.
The p-form potentials, p = 1, 2, 3, in (12) can be checked to enjoy the Bianchi identities
DHIJ(2) = 0 , DH˜(2)IJ = −2 gH(3)[I
K δJ ]K , dH
IJ
(4) ≡ 0 ,
DH(3)I
J = HJK(2) ∧ H˜(2)IK − 2g δIK H
JK
(4) −
1
8 δ
J
I (trace) , (14)
which, indeed, also close among their field strengths. Using the embedding tensor formal-
ism with (11), these field strengths can be computed to be
HIJ(2) = dA
IJ − g δKLA
IK ∧ ALJ ,
H˜(2)IJ = dA˜IJ + g δK[I A
KL ∧ A˜J ]L + 2g δK[I BJ ]
K ,
H(3)I
J = DBI
J + 12A
JK ∧ dA˜IK +
1
2A˜IK ∧ dA
JK − 12g δKLA
JK ∧ALM ∧ A˜IM
+16g δIK A
JL ∧ AKM ∧ A˜LM − 2g δIK C
JK − 18 δ
J
I (trace),
HIJ(4) = DC
IJ −H
K(I
(2) ∧ BK
J) − 16A
K(I ∧ A˜KL ∧ dA
J)L + 16A
IK ∧AJL ∧ dA˜KL
−16g δKLA
K(I ∧ AJ)M ∧ ALN ∧ A˜MN . (15)
Finally, the following closed duality relations can be calculated for these field strengths:
H˜(2)IJ =
1
2I[IJ ][KL] ∗ H
KL
(2) +
1
2R[IJ ][KL]H
KL
(2) , H(3)I
J = 112 (tI
J)M
PMNP ∗DM
MN ,
HIJ(4) =
1
84XNQ
S (tK
(I|)PRM|J)K N
(
MPQMRS + 7 δ
P
S δ
Q
R
)
vol4 . (16)
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It follows from (16) that HIJ(4) and the scalar potential V , given in (10), are related through
g δIJ H
IJ
(4) = −2V vol4 . (17)
The combination of the duality relations with the Bianchi identities of the full E7(7)-
covariant tensor hierarchy produces the electric vector and projections of the scalar equa-
tions of motion [16]. All vectors were retained in the restricted hierarchy (12). Accordingly,
(14), (16) give rise to the equations of motion for AIJ that derive from the Lagrangian (9).
The Bianchi identity for H(3)I
J in (14), in the 63 of SL(8), corresponds to the projection
to the SL(8) generators of the scalar equations of motion. Evaluated for constant scalars
and vectors, this equation thus provides a relation that must be satisfied at every criti-
cal point of the scalar potential V . Splitting this equation into representations of SO(8),
63→ 35v + 28, only the components in the 35v can be found to be non-vanishing:
(
HIJ(4) −
1
8 δ
IJ δKLH
KL
(4)
)
|0 = 0 . (18)
Here, |0 denotes evaluation at a critical point and H
IJ
(4) stands for its duality relation (16).
The complete S7 truncation. The complete truncation ansa¨tze are naturally given
in terms of the D = 4 restricted tensor hierarchy (12). The KK ansa¨tze relate linearly
the D = 11 SO(1, 3) × SL(7)–covariant fields (8) to the D = 4 SL(8)–covariant ones
(12). The gap is bridged by S7 tensors in appropriate SL(7) × SL(8) (or, equivalently,
SO(7) × SO(8)) representations. These include either constants or combinations of the
coordinates µI(y) that embed S7 into R8, δIJµ
IµI = 1, and their derivatives ∂mµ
I with
respect to the S7 angles ym. Further combinations include the Killing vectors KmIJ =
2g−2 g˚mn µ[I∂mµJ ] of the round, SO(8)–symmetric metric g˚mn on S7, and their derivatives
Kmn
IJ = 4g−2 ∂[mµI∂n]µJ . Some useful identities satisfied by these tensors are
g−2 g˚mn∂mµI∂nµJ = δIJ − µIµJ , KmIJ ∂mµ
K = 2µ[Iδ
K
J ] , K
m
IJK
KL
mn = 8g
−2µ[Iδ
[K
J ] ∂nµ
L].
(19)
The ansatz for the metric, ds24(x, y) = ds
2
4(x), vectors, Cµ
m8(x, y) = 12 gK
m
IJ(y)Aµ
IJ(x),
C˜µmn(x, y) =
1
4 K
IJ
mn(y) A˜µ IJ(x), scalars V
m8AB(x, y) = 12 g K
m
IJ(y) η
A
i (y) η
B
j (y)V
IJ ij(x),
Vmn
AB(x, y) = 14 K
IJ
mn(y) η
A
i (y) η
B
j (y) V˜IJ
ij(x) and fermions has been given and proved to
be consistent, at the level of the N = 8 transformations, in [4, 6]. In the KK ansa¨tze
for the generalised vielbeine, ηAi are the S
7 Killing spinors and D = 4-scalar-dependent
SU(8) rotations have been omitted. See [4, 25] for further details. Here we will extend the
consistency proof of [4, 6] to the two- and three–forms. We first propose the ansa¨tze
Cµν m
8(x, y) = −g−1 (µI∂mµJ)(y)Bµν J I(x) , Cµνρ88(x, y) = (µIµJ)(y) CµνρIJ(x) .(20)
Consistency can now be verified: when (20) are inserted into the D = 11 supersymmetry
variations (7), a calculation involving the identities (19) shows that all S7 dependence
drops out and the D = 4 variations (13) arise. Essentially, the closure of the D = 4
hierarchy (12) devolves into the consistency of the D = 11 truncation. This extends the
results of [4, 25] and concludes the proof of the consistency of the truncation of D = 11
supergravity on S7, at the level of the N = 8 supersymmetry transformations.
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Equipped with the above consistent ansa¨tze, the full D = 11 embedding of D = 4
SO(8)-gauged supergravity can be found by reworking backwards all intermediate steps,
back to (4). To find the embedding of the D = 4 p-forms (12), p = 1, 2, 3, the fields
Bµ
m , . . . that enter (4) can be expressed, inverting (5), in terms of the tensor-hierarchy-
compatible fields, Cµ
m8 , . . . and then these in terms of the KK ansa¨tze. To determine the
embedding of the scalars, the KK ansa¨tze for the generalised vielbeine above first needs to
be brought to (6). Then, taking all possible products between (6) and its conjugate, and
tracing over SU(8) indices, all the dependence on the Killing spinors and the (omitted)
SU(8) scalar matrices drops out and one is left with the following three equations:
MIJ KLKmIJ K
n
KL = 4g
−2∆−1 gmn , (21)
MIJKLK
m
IJ K
KL
np = 8g
−1∆−1 gmq Aqnp , (22)
MIJ KLK
IJ
mnK
KL
pq = 16∆
−1
(
2 gm[pgq]n + g
rsArmnAspq
)
. (23)
The l.h.s. feature the three SL(8)–covariant blocks of the D = 4 scalar matrix MMN
contracted with combinations of the S7 Killing vectors and their derivatives. On the
r.h.s., the warp factor ∆, the inverse, gmn, and direct, gmn, internal metric and three-form
Amnp appear. Eq. (21) has long been known [5, 4], eq. (22) was recently derived in [6], and
eq. (23) appears to be new at least in this explicit form –of course, it follows from [6, 21].
Combining (21), (22) with the new equation (23), new formulae can be found for gmn,
Amnp and ∆ which, unlike (21), (22) by themselves, do provide explicit and independent
expressions for those quantities. Bringing all these results to (4), the full non-linear em-
bedding of (the restricted tensor hierarchy (12) of) SO(8)-gauged supergravity into D = 11
supergravity is finally obtained:
dsˆ211 = ∆
−1 ds24 +
1
12 g
−2∆2 (tIJ)MP (tKL)NQMMNMPQ µJµLDµIDµK ,
Aˆ(3) = µIµJ
(
CIJ + 16A
IK ∧ AJL ∧ A˜KL
)
+ g−1
(
BJ
I + 12A
IK ∧ A˜KJ
)
∧ µIDµ
J
+12g
−2 A˜IJ ∧DµI ∧DµJ +A . (24)
Here, DµI ≡ dµI − g δJK A
IJµK , the internal three-form A ≡ 16AmnpDy
m ∧Dyn ∧Dyp is
A = − 172 g
−3∆3 (tIJ)PRX ′MQ
S δNT Ω
TUΘU
K
LM
MNMPQMRS µJ Dµ
I ∧DµK ∧Dµ
L (25)
and the warp factor takes on the particularly elegant expression
∆−3 = 184 X
′
MP
R
X ′NQ
S
MMN
(
MPQMRS + 7 δ
P
S δ
Q
R
)
, (26)
which paralells the D = 4 N = 8 scalar potential (10). Following [18], in (25), (26),
X ′MN
P ≡ Θ′M
α(tα)N
P, has been defined in terms of a ‘primed embedding’ tensor Θ′M
α =
(Θ′[IJ ]
K
L , Θ
′[IJ ]K
L), which is in turn defined, exactly as in (11), in terms of tensors θ
′
IJ
and ξ′IJ in the 36 and 36′ of SL(8). The magnetic ξ′IJ must vanish and the electric θ′IJ
is now S7-valued: θ′IJ = µIµJ , ξ
′IJ ≡ 0.
Although the KK ansa¨tze are linear in the D = 4 p-forms, p = 1, 2, 3, of the restricted
tensor hierarchy (12), Aˆ(3) develops a nonlinear dependence on the gauge fields by the
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redefinitions (5). In any case, it is interesting to consider the embedding also at the level
of the field strength, Fˆ(4) = dAˆ(3). Differentiating (24), a long calculation yields
Fˆ(4) = µIµJ H
IJ
(4) + g
−1H(3) J I ∧ µIDµJ + 12 g
−2 H˜(2)IJ ∧DµI ∧DµJ + dA . (27)
Here, HIJ(4) , H(3)J
I and H˜(2)IJ turn out to coincide with the field strengths (15) of the
restrictedD = 4N = 8 tensor hierarchy (12). The fact that theseD = 4 field strengths can
now be reproduced from an eleven-dimensional calculation provides a self-consistency check
on our formalism. Moreover, (27) can be used to establish the consistency of the truncation
to the SO(8) gauging at the level of the Bianchi identities: some further calculation indeed
shows that dFˆ(4) = 0 devolves into the D = 4 N = 8 Bianchi identities (14). By the
discussion below (17), this automatically shows as well the consistency of the truncation
at the level of the equations of motion of the SO(8) vectors and SL(8)/SO(8) scalars.
More interestingly, the D = 4 duality hierarchy can be employed to eliminate the
redundant degrees of freedom that are introduced in the D = 11 embedding by the tensor
hierarchy fields (12). Trading the D = 4 field strengths by their duality relations (16) and
now computing dA explicitly from (25), the four-form field strength (27) becomes
Fˆ(4)= U vol4 +
1
12 g
−1 (tIJ)MPMNP ∗DMMN ∧ µJDµI
+14 g
−2
(
I[IJ ][KL] ∗ H
KL
(2) +R[IJ ][KL]H
KL
(2)
)
∧DµI ∧DµJ
− 124 g
−2∆3 (tIJ)PRX ′MQ
S δNT Ω
TUΘU
K
LM
MNMPQMRS δKMµJµN H
N [I
(2) ∧Dµ
M ∧DµL]
− 16048 g
−3∆6 (tIJ)PR δNT ΩTUΘUKL
×D
(
X ′MQ
SX ′VX
ZX ′WY
AMMNMPQMVWMXYMRSMZA
)
∧ µJ Dµ
I ∧DµK ∧Dµ
L
− 172 g
−3∆3 (tIJ)PRX ′MQ
S δNT Ω
TUΘU
K
LM
MNMPQMRSDµJ ∧Dµ
I ∧DµK ∧Dµ
L, (28)
with the Freund-Rubin term elegantly given in terms of primed (S7-dependent) and regular
D = 4 embedding tensors by the following expression, parallel to (10) and (26):
U vol4 ≡ H
IJ
(4) µI µJ = −
1
84 gX
′
MP
R
XNQ
SMMN
(
MPQMRS + 7 δ
P
S δ
Q
R
)
vol4 . (29)
Equation (28) is the first complete and explicit expression we are aware of for the full non-
linear embedding of the D = 4 SO(8) supergravity fields into Fˆ(4). Previous discussions
include [4, 25, 26]. In contrast to the embedding (24) into Aˆ(3), the embedding (28) into
Fˆ(4) is expressed in terms of the conventional fields (the metric, scalars and electric vectors)
that enter the D = 4 N = 8 Lagrangian (9), along with the embedding tensor.
An equivalent rewrite of the Freund-Rubin contribution in terms of the potential (10)
and the field strengths (which can be thought to stand for their duals (16)) is
HIJ(4) µI µJ = −
1
4 g
−1 V vol4− 116 g
−1HIJ(2) ∧ H˜(2)IJ −
1
2 g
−1 (DH(3)IJ −HJK(2) ∧ H˜(2)IK
)
µIµJ ,
(30)
as some manipulation of the Bianchi identities (14) and the relation (17) shows. At a
critical point of the scalar potential, H(3)I
J = HIJ(2) = H˜(2)IJ = 0, and (30) reduces
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to HIJ(4)|0 µI µJ = −
1
4 g
−1 V0 vol4, where |0 and V0 denote evaluation at a critical point.
The r.h.s. becomes independent of the S7 coordinates, and so does the l.h.s, as can be
seen by contracting the critical point condition (18) with µIµJ and using the S7 relation
δIJµIµJ = 1. The Freund-Rubin term thus becomes S
7-independent and proportional to
the cosmological constant V0, in agreement with [25, 26]. More generally, DH(3)I
J in (30)
contains, upon dualisation and use of the scalar equations of motion, contributions from
the derivatives of V . An analogue observation has been made in [26].
Final comments. The new explicit consistent embedding formulae (24)–(26), (28), (29)
have been written in a basis-independent way that should facilitate their use in further
computations. It is also straightforward to generalise them to describe hyperboloid trun-
cations to SO(p, q) gaugings, with p+ q = 8. The formulae are written with fundamental
E7(7) indices (although only SL(8) adjoint indices). However, the attempt to turn on
magnetic couplings ξIJ [12] runs into the difficulties found in [6]. In any case, it would be
interesting to explore the interplay of the present approach, based on the D = 4 tensor [15]
and duality [16] hierarchies, with the manifestly E7(7)–covariant formalisms of [21, 11, 9].
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